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A theory based on a Langevin equation along the reaction coordinate is developed to explain and calcu-
late systematic and statistical errors in free energy perturbation simulations. The errors are calculated
exactly when both the perturbation potential and the mean potential from the surrounding degrees of
freedom are harmonic in the reaction coordinate. The effect of the mean potential is small as long as
the force constant is small compared to the force constant of the perturbation potential. This indicates
that the results obtained with zero mean force may still be valid as long as the second derivate of the
mean potential is small compared to that of the perturbation potential. The theory is applied to conver-
sion between L and D amino acids by changing the position of the minimum of the harmonic improper
dihedral potential between +35.264 degrees. For phenylalanine bound in the active site of a protein
(thermolysin) we find from 20 psec. simulations statistical errors and hysteresis that both are about
2.5kJ/mol in agreement with what is obtained from the theoretical predictions. The statistical errors
are proportional to the square root of the coupling to the heat bath and inversely proportional to the
square root of integration time while the (positive) hysteresis due to that the reaction coordinate lags
behind is linear in the same quantities. This shows that the systematic errors will dominate in short
simulations while the siatistical ones will dominate for long simulations. The treatment is based on
that the systematic influence of the surroundings can be represented by a mean force upon the reaction
coordinate. If the relaxation processes of the environment are slow this may not be true. Then additional
errors have to be considered.

KEY WORDS: Free energy perturbation, errors, amino acid, hysteresis

INTRODUCTION

The calculation of free energy differences by integration over a parameter in the
potential energy is an old idea (1). It is, however, first in the last ten years that it
has become widely used (2). For a recent review see (3).

The method is based upon a continuous conversion between two states described by
different potential energy functions. This is done by introducing a potential energy
function E(r,, r,, . . ., Iy, A) that depends not only of all the atomic coordinates but
also of a parameter A that gives the two different potential energy functions for the
limiting values zero and one. Then, the free energy as a function of the parameter A is
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F(\( = —kBTlnj. . Sexp( ~E(r,, 5y, ..., ¥y, N)/kgT)d* r + constant terms (1)

with k, T being the Boltzmann constant times absolute temperature. The integration
is over all degrees of freedom of the system. Derivativation with respect to A, gives

oF i)
== (a—f> @

with {...) meaning a canonical ensemble average. Integration of this gives finally:
A
dE(N')
-~ =} {——=) d\’.
F(\) = F(0) [< s ) 3)

0

The sampling can be done in different ways. The simplest way (4), which also will
be used here is to change A slowly linearly in time during the run and use all data.
Alternatively on may change X in steps, equilibrate and then sample. This is then
done over a number of discrete values of \ and is called a windowing method (5),
(6). Equation (3) looks misleadingly simple and one should realize that it involves
an averaging over all the degrees of freedom in the system. It is not as easy as it
may seem to get accurate and reliable results. There are many traps and fallacies
some of which have been discussed in (7) and (8). Here we will try to create a
framework in which the errors can be analyzed when there is a well defined reaction
coordinate for the integration. The error estimation has been discussed in somewhat
similar terms in (9) and (10).

We will here consider a situation where a potential energy minimum is moving
during the free energy integration. This means that there exists a well defined simple
reaction coordinate. One example is L to D amino acid conversion. The stereo-
isomers differ by having opposite signs on the improper dihedral angle at the C,
atom. One may then define an improper dihedral potential that is harmonic and
has a minimum that may be shifted continuously between the two states. Thus
the free energy difference between the L and D amino acid bound to a protein may
be calculated. Other variables will change during this conversion, but anyhow the
improper dihedral will serve as a suitable reaction coordinate. This situation is sim-
ple since the reaction coordinate is one-dimensional and the perturbing force is
linear in this reaction coordinate. The question of difference in binding between L
and D amino acids is in itself of considerable importance.

However, there are also other situations to which a similar scheme could be applied
with simple modifications. One is structural conformation changes in proteins, which
may be characterized by the change of a number of dihedral angles (or virtual
dihedrals (i.e. dihedrals along an imaginary chain connecting the C,-atoms). Then
it may be suitable to introduce harmonic potentials in these angles with minima
that are slowly shifted between the positions of the angles in the two structures. In
this case one may have to slowly switch this potential on in the beginning and then
slowly switch it off at the end to get the contributions to the free energy due to the
difference in the importance of the harmonic restraining in the two cases.

Both these situation differ from for instance that when the charge of some atom
is changed during the free energy integration. Such a change will cause changes in
the structure of surrounding protein and solvent and it is not easy to define a simple
reaction coordinate.
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We will here take the L to D amino acid conversion as an example of a transition
driven by a harmonic potential along a well defined reaction coordinate. The aim
is to get a theoretical estimate of statistical and systematic errors, to be able to
correct for the latter if necessary and to be able to make a rational choice between
different ways of doing the simulations.

The reaction scheme considered here is the following

AF,
L —aa+ H,O = L — aga+ protein
AAF, =0 T Tl AAF 4)
D —aa+ H,O = D — aa+ protein
AF),

We want to calculate the difference in free energy of binding between the L and
D amino acids, AF, — AF, . Since the sum of the free energy changes in the cyclic
reaction scheme must be zero and AAF,, is zero we obtain this as:

AF, — AF, = AAF &)

We will for simplicity drop one A and denote this difference AF. The stereoisomeric
state is characterized by an improper dihedral angle that defines the direction of
the C, — C; bond with respect to the backbone. The hydrogen atom of the C, is
as for all the other aliphatic carbons included into a united atom in the simulations
here. The conversion can therefore by done by replacing the ordinary potential for
the improper dihedral angle, x with the A-dependent perturbing potential:

C
U,(x,\) = —2—‘ (x — (1 = 2N)xo)? (©6)

where, C, is a force constant (340kJ mol~'rad™?) and x, = 0.61547 radians
(35.264 degrees) is the position of the minimum of the potential for the L-amino
acid(A = 0). When A is varied from 0 to 1 the position of the minimum changes
successively from +35.264, passes through zero to becomes —35.264 degrees (for
A =1 corresponding to the D-isomer). The free energy is then

10
aF() = F\) - F(0) = [, (522} an ™
and the final difference becomes
' joU,
AF = F(1) - F(0) = <ﬁ>d>\ ®)
with F(I) referring to the D-amino acid and F(0) to the L one. The integrand is
aUu
<3;> =2Cx(() — (1 = 2)x) ©)

THE MODEL

We will here describe the time development along the one-dimensional reaction
coordinate (A, the improper dihedral in this case) with a Langevin equation:
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2
19X - _18% _C(x = xo(1 = D)) + A(D) + Faex)  (10)
dt dt
Here 1 is the moment of inertia, 8 the damping, A(f) the random force and
F...(x) the mean field force originating from the other degrees of freedom. A(f)
has zero mean, is uncorrelated to itself at different times and has its size give by
a fluctuation-dissipation theorem:

(A(n)) =0 n
(A(1)A(r’)) =21808(t —t'), (12)

with O being the Boltzmann constant times absolute temperature. If one did know
the mean force, there would be no need for an integration procedure, since the free
energy difference is

F() = F(x0) = = | Faen(x')dx" + U, (x) = U0 (13)

It is, however not easy to estimate this mean force, and we may see the integration
procedure as one way to do this. We will show in the next sections that for a couple
of simple forms for the mean force we may solve the Langevin equation and thus
calculate the free energy that would be obtained from a free energy perturbation
integration. This free energy will contain systematic and statistical errors compared
to the correct one obtained from equation (13).

One should observe that this means that we make two assumptions. The most
serious one is that we describe the systematic influence from the surroundings by
a mean force. This is true in equilibrium, which means that the integration has to
be performed so slow that the surroundings (water and protein) is given enough time
to relax as a response to the change in the reaction coordinate. This may often be
difficult to achieve and monitor. In cases were the mean force varies slowly along
the reaction coordinate and the changes in the surroundings are local and small,
the errors calculated here will be the dominating ones. In other cases, the treatment
here gives a lower limit to the systematic and statistical errors.

Further, to assume that the random influence can be described by Brownian
motion theory as done above is of course an approximation, but considering the
other uncertainities it is not necessary to introduce a more sophisticated stochastic
description. In fact we will show in a practical example that this approximation is
quite good.

To simplify the treatment a bit we will specialize to a A that is varied linearly in
time. This means that

AN=uT (14)

with T being the total integration time.

SYSTEMATIC ERRORS

We will first consider the situation with mean force F,.(x) equal zero. Then the
free energy is zero. We can solve the Langevin equation above exactly and from
that calculate hysteresis and statistical errors. We write the solution as:
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X(1) = Xmean (1) + £(1) (15)

Here £(¢) is the stochastic process that is obtained as a solution to the Langevin
equation for Brownian motion in a harmonic oscillator with its minimum at zero.
Xmeanl? )» just extracts the contribution due to the shift of the minimum position of
the harmonic potential with time. Since £(¢) has average zero (11), it will not contri-
bute to the average free energy (but give rise to statistical fluctuations as shown in
the next section). The mean solution is linear in time and is easily found to be

21Bxy  2xo!
t) = - 16
chan( ) XO + CXT T ( )
The average free energy change in an integration then becomes
_{"/9Y, _ 418x3
(AF>"§o<a>\>d)‘_ T - 1

The simplest way of reversing the direction of integration is to change the sign of
Xo- The average free energy change will still be positive since it is quadratic in x,.
Thus, we have hysteresis. Even if the mean force from the surroundings is zero we
will always get a positive free energy change irrespective of the integration direction.
This is due to that the reaction coordinate is lagging behind the position of the
potential minimum. This time-lag can be reduced by increasing the integration time.
The hysteresis is inversely proportional to the integration time and proportional to
the damping 8. It is the same in both directions so that an average over forward
and backward runs gives no systematic errors.

In a realistic situation, there is always a mean force (otherwise the free energy
difference is zero). The simplest case to consider is that of a harmonic mean
potential

1
Umean(X) ='2_D(X—Xl)2 (18)

D may be positive or negative. This gives rise to a free energy difference between
the L and D amino acids as calculated from eq. (13)

F(—x0) — F(x0) = 2Dx,%o- 19

This is nonzero unless the minimum or maximum of the harmonic mean potential
occurs at the improper dihedral angle value zero (x, = 0). The Langevin equation
can be treated in exactly the same way as with zero mean force. There will just be
different constants. This gives after some straightforward algebra the average

difference
D 4182 c
=2 1 - x|,
(aF) DX”‘“[ CX+D]+ T \C +D (20)

As long as the force constant D of the mean potential is much smaller than the force
constant of the perturbing potential, which is the typical situation, the result is the
same as without a mean force. If the force constant D is larger one gets increased
hysteresis if it is negative (barrier) and decreased hysteresis if it is positive (well).
The hysteresis will now no longer be symmetric around the correct average since
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there is a term that is linear in x,. That means that, a correct average no longer
is obtained by averaging forward and backward runs.

For a more general shape of the mean force as a function of the reaction coordi-
nate, we cannot easily estimate the systematic errors. It seems, however, reasonable
that one result shown above could be generalized to non harmonic potentials.
We suggest that the hysteresis is still symmetric and given by equation (17) as long,
as the derivative of the mean force is much smaller than the force constant of the
perturbing harmonic potential (for all A-values).

NON-SYSTEMATIC ERRORS

The non-systematic errors are related to big fluctuations in the derivative of the
perturbation potential with respect to A. With X\ varied linearly in time, we have
_ S’aU

)N

The integrand has typically fluctuations around 30-40 kJ/mol while the final value
of the integral is about 5% of that. The possibility to estimate small free energy
changes is thus strongly related to the statistical properties of these fluctuations.

Most of them are in fact very short lived, which makes the effort feasible.
With the mean force zero we get using equations (15) and (16)

4]5)(0 2C, Xoj
T

The second term is an integral over the stochastic process £(¢) which has the average
zero. Thus the average of the integral will be zero. Since the first term is constant,
we will get the the fluctuations in AF as

(aF?) — (AF)* = (2—(:7’% 2 < U:w)dt] > (23)

which also may be written

@n

AF =

£(r)de. 22

(ar) — oy = (2520)" [ ] e (00) = @
=2 (E;:&J 2 j: (T = 1){E(s)E(s + 1)),dt. 2%

This formula contains the autocorrelation function of Brownian motion in a har-
monic potential. This autocorrelation function decays to zero in much shorter times
than T for all sensible systems and times 7. We may therefore put T — ¢ = T inside
the integral and do get:

(aAFY) — (AF) = 2CXXOJ3T§:(s(s)s(s + 1)), dt. (26)

For practical purposes, the upper limit in the integral can be put equal to infinity
and the autocorrelation function could be characterized by a correlation time 7..
This gives:
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JOF) —(AFY = 2C,x0 | 2% (£). @)

T

Brownian motion in a harmonic potential is characterized by two parameters,
the frequency of the oscillator, w and the damping, 8, reflecting influence of the
surroundings. The time autocorrelation function is (11)

(£(s)E(s + 1)), = (EHexp(—B1/2) [cosﬂ,t/Z + g sinBlt/ZJ 28)

with

B, = J4? - B2 (29)

The correlation time can be calculated analytically in terms of the parameters 3
and w

7. = B/w’. (30)

Further, we may use that the average energy in the improper dihedral degree of
freedom is ©/2 (Boltzmanns constant times absolute temperature) in equilibrium
giving

(£Y) = 0/C,. 31
We may also eliminate C, by the relation
C, = I’ (32)

This gives the final formula for the rms fluctuation in the free energy

241
(aF%) — (aF) = 2xo,/%9. (33)

Note that both the statistical errors and the systematic ones are functions of 3/7T.
The statistical ones are proportional to the square root of this quantity while the
systematic ones are proportional to the quantity itself (equation 17). This means that
these two different types of errors scale in a different way with the length of the
simulation. For short runs the hysteresis may dominate over the statistical errors,
while the situation is opposite for long runs.

AN ALTERNATIVE REACTION COORDINATE

The most straightforward way of doing the conversion is to use the improper
dihedral as reaction coordinate as done above. It has, however, the disadvantage
that an energy barrier is introduced since the three valence angles surrounding the
center atom for the improper dihedral are forced out of there minima during the
integration. The deviation is maximum for the planar configuration at A = 0.5
corresponding to about 10 degrees and an energy of about 20 kJ/mol. In practice,
this causes the improper dihedral to lag behind its minimum value during the first
half of the integration and then increase beyond the minimum during the second
half of the integration. This nonlinear variation of the improper dihedral and the
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free energy with A is in principle not a problem. It affects, however, the efficiency
of the sampling and may increase systematic errors. If this barrier is approximated
with a harmonic potential, this will have a force constant of about —100kJ/
mol ' rad 2. This is not negligible compared to the force constant of the perturb-
ing potential (about 340 kJ mol~'rad 2. According to equation (20) this results in
a doubling of the hysteresis. Since the position of the maximum is at zero, this
should not have any other systematic effect as iong as other contributions to the
mean force are small.

It might be a good idea to let the minimum of the valence angles follow the
improper dihedral minimum. With the same minimum value of for the potentials
of all three valence angles one obtains with the help of a little geometry the following
formula for the valence angle minimum

Yo = 2atan(J§ cos(x(1 —2N))). 34

If this relation is fulfilled both the valence angles and the improper dihedral can
take the values of minimum(zero) energy at the same time. This means that the
integration can be performed without passing a free energy maximum at A = 0.5.
The integrand becomes

<%%>= 26000 = (1= 20)x) + 2 G () — () P2 69

This could be generalized to situations were the three valence angles have potentials
with minima at different values. We have performed stochastic dynamics integration
conversions of a single phenylalanine molecule using this approach and verified that
a reduction of the hysteresis is obtained.

AN EXAMPLE

We have studied the binding of L- and D-phenylalanine in the active site of ther-
molysin and calculated free energy differences from this. The detailed results and
methods will be published elsewhere (12). Here we just give the average free energy
differences obtained together with standard deviations and the hysteresis in table
1. There are results with two different force fields, the standard GROMOS one and
one with 30% higher fractional charges. The figures in table 1 are the result of
the averaging over 20 psec. integrations (4 in each direction). The result using the
standard GROMOS force field, —2 kJ/mol, agrees within the standard deviation
divided by the square root of the number of runs with the experimental value,
—2.8kJ/mol (13). These simulations were done with a perturbation potential
involving only the improper dihedral. Therefore the analysis here will be based upon

Table 1 Free energies differences of binding for L- and D-phenylalanine into the active site of
thermolysin in kJ/mol obtained obtained from 8 conversion runs each using two different force fields.

average L to D +0.9 —4.0
average Dto L +4.9 +8.1
total average (as L to D) -2.0 -~6.0
hysteresis +2.9 +2.0

fluctuations +3.5 +1.6
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Figure 1 The smoothed part part of oU,/8\ in a typical conversion in kJ/mol The full curve is a
running average over 1 psec. and the dashed curve over 2.5 psec.

equation (9) not (35). The aim is to show that the results for fluctuations and
hysteresis are consistent with the theory (equation (33) and (20)).

To do this we will first analyze the statistical properties of dU,/d\ = 2C, xo(x —
Xo(1 — 2¢/T)) as this quantity is obtained from the simulation. We therefore try
to separate it into a slowly varying part F, ., (A(¢)) and a strongly fluctuating one,
n(¢) which has mean zero and hopefully the properties of Brownian motion in a
harmonic oscillator

19}
7= Frean(NM8)) + (1), (36)
N
To obtain the mean force, a running average over time intervals At
1 t+4a1/2 aUp
Faan) = [ 5 (37)

is calculated. n(¢) is then defined as the remaining part from equation (36). This
was performed on one of the 20 psec. conversion runs. The time interval Af is
obviously a parameter here, but the result is not very sensitive to the precise value
chosen in an interval between 0.5 and 2.5 psec. In the figure 1 the F,,.(¢) obtained
using two time intervals, 1 and 2.5 psec., are shown. In the further analysis a 1 psec.
interval corresponding to 0.05 in A has been used. The remaining part 5 (¢) is shown
in figure 2. Obviously some information about the shape of F, . (A(?)) is lost if
the interval is chosen too big. If its taken to small the function becomes noisy.
The idea is now that F,(A\(¢)) is a deterministic function that will be the same
in different runs while 5(¢) is stochastic process with average value zero. Alterna-
tively one may consider 0U,/dX\ as a stochastic process that has an average value
that is a function of \, F,.,(A\). We have then just estimated and subtracted this
average value to obtain a process #(#) with average zero. This can be done in a
unique way if the autocorrelation time of the stochastic process is much shorter
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Figure 2 The remaining part of dU,/d\ after subtracting running 1 psec. averages in kJ/mol

than the times over which there is any appreciable variation of F . (A (t)). If the
sampling time 7, is long enough this necessary separation of time scales is obtained.

The rms fluctuations calculated from figure 2 are 36 kJ/mol. This agrees perfectly
with the theoretical value

J0%) = 2C,%0J(D — &)F = 2xC,© (38)

which also is 36 kJ/mol at 300K with x, = 0.615 rad and C, = 340 kJ mol~'rad 2.
The normalized time autocorrelation function of 5(¢) is shown in figure 3. It is
clear that much more data are necessary to get a proper estimate of it for times
larger than 0.5 psec. If it is integrated over increasing times, the integral reaches
a value slightly less than 0.03 after 0.1 and 0.2 psec. After that the integral drops
and fluctuates between positive and negative values. We therefore believe that
the time autocorrelation function has dropped to zero after 0.2 psec. and what is
seen for longer times is noise due to poor statistics. A nonlinear least square fit of
an exponentially damped sinusoidal oscillation like equation (28), gives the values
B = 47psec”' and B, = 81 psec™! using all data points up to 2 psec. This curve is
also shown in figure 3. The result did not change when the part of the function used
for the fit was reduced down to 0.3 psec. These values for 8 and B3, give (equa-
tion 29) w = 33 psec”!.

The value obtained for w is comparable to what is obtained from the force cons-
tant, masses and distances involved (equation (32)) We assume then that it is the
lighter carboxy- and amino groups that move and not the phenyl ring. The moment
of inertia depends then also on the orientation of the oxygen (and hydrogens). For
the motion of the lighter NH,-group « becomes about 30 psec™!, for the COO-
group about 15psec'. The motion is slightly underdamped but very close to
critical damping since 8/2w = 1. The correlation time (equation (30)) is very short,
somewhere in the range 7, = 0.02-0.06 psec.

Using 47 psec™' for 8 and 6-10~*k gm? for the moment of inertia (the NH,
group) we obtain for a 20 psec. run the statistical error +2.5kJ/mol from equa-
tion (33) and +2.6 kJ/mol from the second term in equation (20). This agrees with
the data from the simulations in table 1.
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Figure3 Time autocorrelation function of the function in figure 2 together with the best nonlinear least
square fit to an exponentially damped sinusoidal oscillation according to equation (28).
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Figure 4 Average deviation of the improper dihedral from the value at the minimum of the A-dependent
potential as a function of A, The full curve is an average over three L to D conversions and the dashed
one an average over-three D to L conversions. The error bars indicate the standard deviation between
the three runs divided by V3.

In the free energy integration, x will approximately follow the changing position
of the minimum. However, the mean potential representing the influence from the
other degrees of freedom makes different values of x more or less favourable.
Therefore, it will as seen in figure4 not follow the position of the minimum
perfectly. The main reason for this is that there is a barrier due to the valence angles
that makes it lag behind during the first half of the simulation and then run ahead
in the second half. If there is no hysteresis, the average value of the improper
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Figure 5 Free energy as a function of A for an L to D conversion in kJ/mol.

dihedral as a function of A should, however, be the same irrespective of the direction
of the integration. From figure 4 it is seen that there is a small but significant dif-
ference between the runs in the L to D and the D to L direction. This is what causes
the hysteresis seen in table 1. In figure S the free energy as a function of A is shown
as calculated from a simulation. There is a barrier of about 15 kJ/mol.

We also tried the windowing technique by making separate simulations at \ values
0.1 units apart. Each of these simulations were 1 psec. and were preceded by
0.5 psec. equilibration. The change of A\ was done in a 0.5 psec. continuous integra-
tion. The effect of that was as could have been anticipated a reduced hysteresis,
since the system now gets more time to equilibrate at each A. Therefore, the time-lag
is less. On the other hand, only half the time was used for sampling. This means
larger statistical errors. Further, a systematic error due to the finite sampling of
the configurational space will occur (14). Hence, it is only justified to use windowing
techniques when one has reason to believe that non-symmetric systematic errors
due to time-lag are more important than the statistical ones and the symmetric
hysteresis. This situation occurs mainly when the simulations are short. For long
simulations the statistical errors will dominate also in a continuous integration.

CONCLUSIONS

In a free energy perturbation where the integration is performed along a reaction
coordinate and driven by a moving harmonic perturbation potential, the systematic
and statistical errors can be estimated under the following conditions: The influence
from the other degrees of freedom is described by a mean force that is weak
compared to the perturbation force and a random force that is modeled by
Brownian motion theory. There is then a positive hysteresis due to that the reaction
coordinate will lag behind the minimum of the perturbation potential. The hysteresis
is symmetric and inversely proportional to the simulation time. The non-systematic
error is inversely proportional to the square root of the simulation time. This
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means that the hysteresis will dominate for short runs while the statistical errors
will dominate for-long runs. The hysteresis is less of a problem if most of it is
symmetric. Then an averaging over runs in both directions will considerably reduce
the error. If the mean force varies slowly compared to the perturbation force this
is the case.

For a conversion between the two stereoisomers of phenylalanine bound to a
protein (in the active site of thermolysin), both systematic and non-systematic
errors are about 2.5kJ/mol in a 20 psec. integration. This is comparable to the
difference in free energy of binding. The errors are proportional to respectively
proportional to the square root of the moment of inertia of the moving group
(the NH,-group in this case). This means that the corresponding error will be
considerably larger in applications were entire loops in a protein are moved by
restraining dihedrals with harmonic potentials.

The estimate here gives only a lower limit, on the errors. If the integration along
the reaction coordinate is accompanied (by slow relaxation processes of the environ-
ment, the mean force description will not be valid until these have occured. Then
it may be necessary to use windowing techniques with very long equilibrations
between the samplings. Further, there are of course systematic errors due to that
the force fields used are inaccurate or inappropriate.
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